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1 Introduction

The aim of these notes is to describe some aspects of the change of time and the change
of measure for Lévy processes. The problems under consideration are closely connected
with the stock price modelling.

Section 2 contains a very brief overview of some classical and modern stock price
models used in the mathematical finance. In particular, we consider the exponential
Lévy models

St = SOeXt, t S T, (11)
where (X});<r is a Lévy process, and the time-changed exponential Lévy models
S, = SgeXeme < T (1.2)

where (X;);>0 is a Lévy process and (7;);<p is an increasing cadlag process that is
independent of X. Here, (X o7), := X,,. We also compare the adequacy of different
models (see Table 1 on page 4).

Section 3 deals with the following problem: which processes X can be represented

as X 2 Bo 7, where B is a Brownian motion? This problem is considered in 5
different settings:

I. B is an (F;)-Brownian motion, and 7 is an (F;)-time-change;

II. B is an (F;)-Brownian motion, and 7 is a continuous (F;)-time-change;
ITI. B is a Brownian motion, and 7 is an independent increasing cadlag process;
IV. B is a Brownian motion, and 7 is an independent increasing continuous process;
V. B is a Brownian motion, and 7 is an independent subordinator.

The answer to the above problem in Settings I, I, and IV is known (see Subsection 3.1).
The answer to this problem in Setting V is presented in these notes (see Subsection 3.2).
The problem in Setting III remains open.

In Section 4, we first cite some known general results related to the change of mea-
sure for Lévy processes (see Subsection 4.1). Then we apply these results to derive the
necessary and sufficient conditions for the absence of arbitrage and for the completeness
of models (1.1) (see Subsection 4.2).

In Section 5, we first describe some nice properties of models (1.2): stationarity
of increments, persistence of volatility,... (see Subsection 5.1). Then we derive the
necessary and sufficient conditions for the absence of arbitrage and for the completeness
of models (1.2) (see Subsection 5.2).

The Appendix contains some known definitions and facts that are used in the notes
as well as the statements needed to solve some exercises.

Each of Sections 2-5 contains exercises. The following notation is used:

o — a simple exercise;
# — an important exercise;
* — a difficult exercise.

Each of Sections 3-5 contains an open problem.

Acknowledgement. A part of these notes was written during the stay of A.S. Cherny
at the Vienna University of Technology. It is a pleasure to thank W. Schachermayer
and F. Hubalek for their hospitality.



2 Some Financial Models

2.1 Definitions of Models

In what follows, S means the discounted price of an asset. We will consider one-
dimensional models with a finite time horizon T'.

The most classical model is

The Bachelier model:
St:SO+Bt, tST,

where (B;)i<r is a Brownian motion.

The main disadvantage of this model is that the process S here can take negative
values. This is overcome by

The Black-Scholes-Samuelson model:
S, = Soe“””Bt, t<T,

where (B;)i<r is a Brownian motion and x4, 0 € R.
There are two main disadvantages of this model:
e the increments of In S are Gaussian;
e the increments of In S over disjoint intervals are independent.

The first of these disadvantages is overcome by

The exponential Lévy model:
St = SgeXt, t S T, (2].)

where (X;);<r is a Lévy process.

Actually (2.1) is a whole class of models. It includes, in particular, the following
models with a finite number of parameters:

e X is a variance gamma (VG) process;

e X is a Carr-Geman-Madan-Yor (CGMY) process;

e X is a normal inverse Gaussian (NIG) process;
X is a hyperbolic (HYP) process;

The definitions of these processes are given in Subsection 3.1.

The main disadvantage of model (2.1) is that the increments of In.S over disjoint
intervals are independent. In other words, this model does not tackle the phenomenon
of the persistence of volatility (clustering). This disadvantage is overcome by

The time-changed exponential Lévy model (Carr, Geman, Madan, Yor [3]):
S, = SpelXem < T (2.2)

where (X;);>0 is a Lévy process and (7;);<p is an increasing cadlag process that is
independent of X . Here,
(Xor):=X,,, t<T.
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Actually (2.2) is a whole class of models. It includes, in particular, the following
models with a finite number of parameters:

e X is a variance gamma (VG) process;

e X is a Carr-Geman-Madan-Yor (CGMY) process;
e X is a normal inverse Gaussian (NIG) process;

e X is a hyperbolic (HYP) process;

e 7 is a Cox-Ingersoll-Ross (CIR) process, i.e.

t
n= [ uds t<T
0
where y is a solution of the stochastic differential equation

dy, = 0(n — y,)dt + o\/y,dB;.

Another modification of model (2.1) that tackles the phenomenon of the volatility
persistence is

The exponential Lévy model with the stochastic integrals (Eberlein,
Kallsen, Kirsten [8]):
St = SOG(U.X)t, t S T, (23)

where (X;)i<r is a Lévy process and (0;);<r is an X -integrable process that is inde-
pendent of X . Here,

t
(ceX), ZZ/O'stS, t<T.
0

2.2 Comparison of Different Models

Below is a list of some desirable properties of a financial model:
1. The marginal distributions of the increments of In S are skewed.
2. The marginal distributions of the increments of In.S have heavy tails.
3. The increments of In .S are stationary in time.
4. The increments of In S over disjoint intervals are not correlated.
5

. The absolute values of the increments of In .S over disjoint intervals are positively
correlated (the effect of “clustering”, “volatility persistence”).

6. The model is arbitrage free.
7. The model depends on a small number of parameters.

Table 1 shows which of these properties are satisfied for the models introduced
above. For example, if we consider model (2.1), where X is a VG, CGMY, NIG, or a
HYP process, then this model satisfies conditions 1, 2, 3, 4, 6 (to be more precise, this
can be achieved by an appropriate choice of the model parameters). This model does
not satisfy condition 5, and the number of the parameters is 3 for the VG model and
4 for the CGMY, NIG, or HYP model.
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A model 11 2| 3|4|5]| 6 7
Sy = Soett*ob — =+ |+ -] +] 2
S, = SpeXt, X is VG, CGMY, NIG, or HYP +|+ |+ +| -] +|34

& _ g Jxen, X is VG, CGMY, NIG, or HYP,
. * 7 is CIR

S, = Syel@*X) X is VG, CGMY, NIG, or HYP,
=

6,7
' 5 is CIR ++| + +|+] +]6

Table 1: Comparison of different models

2.3 Exercises

© Exercise 2.1. Give an example of a Brownian motion B and an independent in-
creasing continuous process 7 such that the process B o 7 cannot be represented as

law . . . . . .
Bor = ceW, where W is a Brownian motion and o is an independent W -integrable
process.

o# Exercise 2.2. Let W be a Brownian motion and o be an independent
W -integrable process, i.e.

t
vt > 0, / olds < oo as.
0

Prove that there exists a Brownian motion B and in independent increasing process 7
such that c e W & Bor.
(Hint: Use Proposition 3.6.)



3 Change of Time for a Brownian Motion

3.1 Various Time-Changes
In this section, we consider the following problem.

The main problem. Which processes (X;)i>0 (we assume that X, = 0) can be

law . . . .
represented as X = B o1, where (B;);>0 is a Brownian motion and (7;);>0 is an
increasing cadlag process with 9 =07

Making this problem precise leads to 5 possible settings.

Setting I. B is an (F;)-Brownian motion (i.e. B is a Brownian motion, B is
(Fy) -adapted and, for any s < t, the increment B, — By is independent of Fs), and T
is an (Fy)-time-change (i.e. each 1, is an (F;)-stopping time, 179 = 0, and the maps
t— 1 are a.s. increasing and cadlag), where (F;) is an arbitrary filtration.

Proposition 3.1. If Z is an (F;)-semimartingale and T is an (F;)-time-change,
then Z ot is an (Fy,)-semimartingale.

For the proof, see [18; Ch. 4, §7].

Proposition 3.2. If Z is an (F;)-semimartingale and (G;) is a filtration such that
FZ C Gy CFy, then Z is a (Gy)-semimartingale.

For the proof, see [18; Ch. 4, §6].

Proposition 3.3. A process X can be represented as X ™ Bor in the sense of
Setting I if and only if X is a semimartingale (with respect to its own filtration).

Proof. The “only if” part. It follows from Propositions 3.1 and 3.2 that Bo 7 is a
semimartingale with respect to its own filtration. Hence, X is also a semimartingale
with respect to its own filtration.

The “if” part was proved by I. Monroe [19]. O

Setting II. B is an (F;)-Brownian motion, and 7 is a continuous (F;)-time-
change, where (F;) is an arbitrary filtration.

Proposition 3.4. (Dambis-Dubins-Schwarz.) If X is a continuous local mar-
tingale, then there exists a Brownian motion B (that may be defined on a possibly en-
larged probability space (€, F,P) = (0, F,P) x (', F',P")) and a filtration (G,) such
that B is a (G;)-Brownian motion, (X) is a (G;)-time-change, and X = B o (X).

For the proof, see [21; Ch. V, Theorems 1.6, 1.7].
Proposition 3.5. A process X can be represented as X Y Bor in the sense of

Setting II if and only if X is a continuous local martingale (with respect to its own
filtration).
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Proof. The "only if” part. Let B be an (F;)-Brownian motion and 7 be a

continuous (F;)-time-change such that X ™ Bor. Set g, = inf{t >0:|Bor|; > n}.
Obviously, (B o 1) = B o1, where p, = inf{t > 0 : |B;| > n}. The process B’"
is a uniformly integrable (JF;)-martingale. By the optional stopping theorem (see [21;
Ch. II, Theorem 3.2]), for any s < ¢, we have

E(Bﬁt” | .7-"75) = B,
Consequently,
E(Be | FPeT) = Ber.
This means that B o 7 is a local martingale. Hence, X is also a local martingale.
The “if” part follows from the Dambis-Dubins-Schwarz theorem. O

Remark. Note that any continuous local martingale X can actually be repre-
sented as X = Bor (possibly, on an enlarged probability space), and not only

law

as X = Bor. O
Setting ITI. B is a Brownian motion, and 7 is an independent increasing cadlag
process.
We do not know the answer to the problem in this setting.

Setting IV. B is a Brownian motion, and T is an independent increasing contin-
UOUS Process.

Proposition 3.6. (Ocone.) The following conditions are equivalent:

(i) X can be represented as X ™Y Bor in the sense of Setting IV;
(ii) X is a continuous local martingale, and, for any a > 0, we have

t
(/ HedX,; t > 0) (X5 1> 0),
0

where H = I(t < a) —I(t > a);
(iii) X 4s a continuous local martingale, and, for any (F;X)-predictable process H
with |H| = 1, we have

t
(/ HydX,; t > 0) (X5 1> 0);
0

(iv) X is a continuous local martingale, and if we set Q, = Law(X,;t>0[(X) = ¢),
then, for a.e. ¢ (with respect to the measure Law({X);; t > 0)), the coordinate process
Z on C(Ry) is a Qu-local martingale with (Z) = .

For the proof, see [20].

Definition 3.7. A process X that satisfies the conditions of Proposition 3.6 is
called the Ocone martingale.

Remark. Note that any Ocone martingale X can actually be represented as
X 2 Bor (possibly, on an enlarged probability space), and not only as X ™ Bor. O

Setting V. B is a Brownian motion, and T is an independent subordinator (i.e.
an increasing Lévy process).

The answer to the problem in this setting is provided by Theorem 3.17.
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3.2 Time-Change by an Independent Subordinator
This subsection is devoted to the solution of the above problem in Setting V.

Lemma 3.8. If X is a Lévy process and T is an independent subordinator, then
X o7 18 a Lévy process.

The proof is Exercise 3.32.

Example 3.9. (The Cauchy process.) Let (B, B?) be a two-dimensional Brow-

nian motion. Set
=inf{s >0: B >t}, t>0.

Then B?oT is a Cauchy process, (i.e. (B*o7); has the standard Cauchy distribution).

Proof. @~ We can assume that (Q2,F,P) = (Q,F,P1) x (2, F,Py) and
B! = BY(w,), B? = B?*(w?). Then, for any A € R, we have

M B?eT) //exp{z)\BT1 (1) w2)}P2(dw2)P1(dw1)

A2

= / Gi%Tl(wl)Pl(dwl) = EGiTTI.
1951

The process
)\2
exp{|)\|Bt/\T1 — ?t/\Tl}, t>0

is a uniformly integrable martingale (note that it is bounded). Hence,
N
Eexp{|)\|BT1 - ?7-1} =1.

2
Since B! = 1, we get Ee 5™ = e M, This, combined with (3.1), completes the
proof. O

Example 3.10. (The NIG process.) Let « € Ry, § € [—a,a], 6 € Ry . Let
(B, B?) be a two-dimensional Brownian motion with the drift (\/a? — 3%, ). Set

7 =inf{s > 0: B > dt}, t>0.

Then, by the definition, B? o T is a mnormal inverse Gaussian (NIG) process with pa-
rameters «, 3,0,0. (A NIG(«, 3, j1,0) process is obtained by adding the drift ut to this
process.)

Example 3.11. (The VG process.) Let B be a Brownian motion with a drift
and T be an independent gamma process (i.e. T has gamma distribution). Then, by
the definition, B o T is a variance gamma (VG) process.

Definition 3.12. A Lévy process X has the characteristics (b,c,v); if

EeM Xt = exp{t {Mb — )\;c + /R (e —1— i)\h(x))u(dx)] }

Here, h is a truncation function. (We will also take h = 0 if [, |z| Alv(dz) < cc.) In
what follows, H denotes the “canonical” truncation function, i.e.

H(z) = 2I(jz| < 1). (3.2)
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Lemma 3.13. (Transformation of the characteristics under subordina-
tion.) Let B be a Brownian motion and T be an independent subordinator with the
characteristics (3,0,1m)o. Then B ot has the characteristics (0, B, v)y, where

V= / an(dz):
0

i.e. for any A € B(R), v(A) = [[°Q.(A)n(dz). Here, Q. denotes the normal distri-
bution with the zero mean and with the variance x.

Proof. For any A € R, we have

. 2
EeM(BoT)l _ Eef%n

—oof -G+ [Tl -]
—esof <254 [7 [ (@ - nawme)

oG+ [ [(@ -1 ir(l < D)Qdnnta) |

= exp{—)\—25 + /R( P —idal(|z] < 1))1/(d:5)}.

In the first equality, we have used Fubini’s theorem (compare with (3.1)); in the last
equality, we have used the estimates

/w/‘e“‘m C 1 - idal(je] < 1)|Qu(de)n(d)

o Jr

Sc,\/oo/x2/\1QZ(dz)77(dz)Sc,\/oox/\ln(dz)<oo. O
o Jr 0

Remark. An extension of this lemma to general Lévy processes instead of a Brownian
motion can be found in [22; Theorem 30.1]. O

Example 3.14. (Lévy measure of the VG process.) Let B be a Brownian
motion and T be an independent gamma process with parameters X, 0, i.e. T has the

density N
e "

T (\)

Then B o1 has the characteristics (0,0,v)y, where

I(z > 0).

l/(dl‘) _ ief\/@\m\

dx ||

Proof. The process 7 has the characteristics (0,0,7)o, where

n(dz)  Xe %I(z > 0)

dz T
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(see [22; Example 8.10]). By Lemma 3.13, B o7 has the characteristics (0,0, v)y,

where
v(dzx) /OO A 2?) e
= expy —— dz
dz 0 V2rz 2z z
2N [ 220 A
= — exp{—x vy —2}dy = e V20l
V2 Jo 2 Y |{L“|
In the last equality, we have applied [12; (3.325)]. O

We now turn to the solution of the main problem in Setting V.

Definition 3.15. A function ¢ : (0,00) — (0,00) is completely monotone if ¢ is
infinitely differentiable, ¢’ < 0 on (0,00), ¢” > 0 on (0,00) ¢" < 0 on (0,00), and
SO on.

Proposition 3.16. (Bernstein.) A function ¢ : (0,00) — (0,00) is completely
monotone if and only if there exists a positive (not necessarily finite) measure p on
[0,00) such that

o(x) = /000 e “u(dy), x>0. (3.3)

For the proof, see [10; Ch. XIII, §4].
Remark. A measure yu satisfying (3.3) is unique (see [10; Ch. XIII, §1]). O

Theorem 3.17. (a) Let X be a Lévy process with the characteristics (b,c,v)y .

Then X can be represented as X 2 Bor in the sense of Setting V if and only if

(i) b=0;

(ii) v is symmetric, absolutely continuous with respect to the Lebesgue measure, and
the density q(z) = ”(ddmx) can be chosen in such a way that q(\/x), x > 0 is completely
monotone.

(b) Suppose that conditions (1) and (ii) are satisfied. Then there exists a unique

positive measure p on (0,00) such that

o3 = [ e udy), >0
0
Then a subordinator T satisfying the condition X "™ Bor should have the character-
istics (8,0,m)0, where
B=c, n(dr)=V2rz(pnobd ") (dr).
Here, 0 : x +— i

Remark. The distribution of 7 is determined uniquely by the distribution of X (see
Exercise 3.24). O

Proof of Theorem 3.17. (a) We first make the following observation. If 7 is a
positive measure on (0,00) and the measure

V= /OOO Q.n(dz)
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satisfies
/:E2 Alv(dz) < oo,
R
then -
/ x A 1n(dr) < oo.
0

In order to prove this, we write

/Rx?MV(dz) :/Uoo/Rx?/\le(dx)n(dz) :/000 o(2)dz

and note that
z, z—0,
p(z) ~

1, 2 — o0.

We now proceed as follows:

X can be represented as X Y Bor

< b=0and v = / Q.n(dz), where 7 is a positive measure on (0, c0)
0
such that / z A1ln(dr) < oo
0

o
<~ b=0and v = / Q.n(dz), where 7 is a positive measure on (0, 00)
0

1
e
21z

o 12
<= b =0 and v has the density ¢(z) = / “2:(dz), where 7 is a
0

positive measure on (0, c0)

<= b =0 and v has a symmetric density ¢(x) such that, for z > 0,
q(Vz) = / e " u(dy), where u is a positive measure on (0, c0)
0

<= b =0 and v has a symmetric density ¢(z) such that ¢(v/z), x >0
is completely monotone.

In the first equivalence we have applied Lemma 3.13; in the last equivalence we have
used Proposition 3.16 and the fact that a measure p satisfying the equality ¢(y/z) =

[ e ™ p(dy) has no mass at zero (otherwise v([1,00)) would be infinite).

(b) This statement easily follows from the reasoning above. O

Remark. The above proof also shows that a probability distribution on R can be
represented as a mixture of the normal distributions with the zero mean if and only
if it is symmetric and admits a density ¢(x) such that ¢(v/z), x > 0 is completely
monotone. O

Lemma 3.18. (a) If ¢ and v are completely monotone, then @i is completely
monotone.

(b) If ¢ is completely monotone and 1 : (0,00) — (0,00) has a completely mono-
tone derivative, then ¢ o) is completely monotone.
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Proof. (a) This is a direct consequence of the equality
()™ = Mgy 4 Ol 4o p O M=) o (™),

Here, ¢ denotes the n-th derivative of .
(b) The proof is Exercise 3.36. O

Definition 3.19. A CGMY process is a Lévy process with the zero diffusion coef-
ficient and with the Lévy measure

v(dz)  Ce “lI(z < 0)+ Ce Mbal[(z > 0)
de |z |Y+1

Here, C' >0, G>0, M >0, Y <2.
Theorem 3.17 and Lemma 3.18 yield

Corollary 3.20. A CGMY process X with G =M, 0 <Y < 2 can be represented
as X 2 Bor in the sense of Setting V.

3.3 Exercises

Exercise 3.21. (On (F;)-Brownian motions.) Let B be a Brownian motion
on a probability space (2, F,P) and (F;) be a filtration on this space. Prove that the
following conditions are equivalent:

(i) B is an (F;)-local martingale;

(ii) B is an (F;)-martingale;

(iii) B is (F;)-adapted, and, for any s < ¢, the increment B, — B; is independent
of F;.

(Hint: Use Exercise 4.9.)

© Exercise 3.22. Let B be a Brownian motion. Construct an (FP)-time-change T
such that (BoT);=t, t > 0.

Exercise 3.23. Let B be an (F;)-Brownian motion and H be an (F;)-predictable
process such that

¢
vVt > 0, /Hfd5<oo a.s.
0

t 1 t
M, = exp{/ H.,dB, — 5/ Hfds}, t>0.
0 0

{lim M, = O} = {/ HZds = oo} a.s.,

t—o00 0

{lim M, € (0, oo)} {/ H%ds = oo} a.s.
t—o0 0

Set

Prove that
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# Exercise 3.24. (Revealing the law of the time-change.) Let B be a Brown-

ian motion and 7, 7 be increasing cadlag processes that are independent of B. Supp-

pose that Bor = Bo7. Prove that 7 = 7.

Example 3.25. Give an example of a Brownian motion B and an independent
increasing cadlag process 7 such that B o7 is not a local martingale.

© Exercise 3.26. Give an example of a continuous local martingale started at zero
that is not an Ocone martingale.

© Exercise 3.27. Give an example of an Ocone martingale that is not a martingale.

# Exercise 3.28. (Determining the law of a martingale by the law of its
bracket.) (a) Give an example of two continuous local martingales X and Y started

at zero such that (X) aw (Y), but X and Y have different laws.
(b) Let X and Y be two Ocone martingales such that (X) faw (Y). Prove that
law

X =Y.

Exercise 3.29. Let X be an Ocone martingale and H be an (F;*)-predictable
process with |H| = 1. Prove that

(/Ot Hod X, (X)) t > 0) fa (X;, (X)i t > 0).

Exercise 3.30. (An extension of P. Lévy’s theorem to Ocone martin-
gales.) Let X be an Ocone martingale. Set S; = sup,., X, and let L denote the
local time of X at zero. Prove that

(S—X,8) = (x|, L).
(Hint: Use P. Lévy’s theorem; see [21; Ch. VI, Theorem 2.3].)
* Exercise 3.31. Prove the implication (i)=>(iii) in Proposition 3.6.
# Exercise 3.32. Prove Lemma 3.8.

# Exercise 3.33. (Change of time for a Brownian motion with a drift.)
Let B® be a Brownian motion with a drift a and let 7 be an independent subor-
dinator with the characteristics (3, 0,7)o. Prove that the diffusion coefficient of B®or
equals o and the Lévy measure of B® o7 equals fooo Q.n(dz), where Q, is the normal
distribution with the mean az and the variance z.

Exercise 3.34. (Lévy measure of the VG process.) Let B® be a Brownian
motion with a drift a and 7 be an independent gamma process with parameters \, 6
(see Example 3.14). Prove that the Lévy measure of B® o1 is given by

v(dz) A _(\/a2—4—20+a)\x\1($ <0)+ ﬁe—(va”%_a)ml(x > 0).
x

dx ||

(Hint: Use Exercise 3.33.)
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# Exercise 3.35. Let X be a Lévy process with the characteristics (b,c,v)g. Prove
that X can be represented as

(X t>0) taw (vt+ (B®oT); t>0),

where o,y € R, B® is a Brownian motion with a drift @ and 7 is an independent
subordinator, if and only if v admits the density e**¢(x), where ¢(z) is symmetric
and ¢(v/z), x > 0 is completely monotone.

# Exercise 3.36. Prove Lemma 3.18 (b).

# Exercise 3.37. Let (A, A,v) be a measurable space with a positive measure v.
Let f(A,z) be an A x B(R,)-measurable function such that, for any A € A, the
function f(A,-) is completely monotone.

(a) Let uy denote the (unique) measure such that

fz) = /0"0 e un(dy), x>0

Prove that, for any A € B(R, ), the map A — p,(A) is A-measurable.
(b) Suppose that the function

f() = / " FOn ()

is finite for any = > 0. Prove that f is completely monotone.

o# Exercise 3.38. (Generalized hyperbolic distributions.) The generalized hy-
perbolic distribution (GHYP) with parameters A\, «, 3,0, u (here, A € R, a > 0,
B € (—a,a), d >0, p€R) is known to be infinitely divisible with the Lévy measure

[332 o0 _ 2 2
¢ (/ . exp{ =2y + oo} dy+)\e_a|‘”|> it A >0,
o 7Y

v(dzx) _ m (JX(6v/2y) + Y (6v/2y)) (3.4)

| Jo  my(J2\(0v/2y) + Y2, (0v/2y))

(see [7; (3.10),(3.11)]). Here, J) and Y, are the Bessel functions of the first and
the second kind, respectively. This class of distributions includes NIG and HYP as
particular cases.

(a) Prove that a symmetric generalized hyperbolic Lévy process X can be repre-
sented as X 2 Bo 7 in the sense of Setting V.

(Hint: Use Exercise 3.37.)

(b) Prove that any generalized hyperbolic Lévy process X can be represented as

(Xp;t>0) 2 (vt + (B or)y; t > 0),

where v € R, B? is a Brownian motion with a drift 4 and 7 is an independent
subordinator.
(Hint: Use Exercises 3.35 and 3.37.)
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Exercise 3.39. Let B be a Brownian motion and 7 be an independent subordi-
nator. Prove that the following conditions are equivalent:

(i) BorT is a o-martingale (see Definition A.9);

(ii) B o is a martingale;

(iii) for any ¢t > 0, E\/7; < o0;

(iv) the Lévy measure 7 of 7 satisfies [ /andz < cc.

(Hint: For the implication (i)=(ii), use Exercise 4.22. For the equivalence
(iii) < (iv), use Proposition A.2.)

Exercise 3.40. Let B be a Brownian motion and 7 be an independent subordi-
nator. Prove that the following conditions are equivalent:

(i) Bor is a process of finite variation;

(ii) the Lévy measure n of 7 satisfies fol Van(dz) < oo.

(Hint: Use Proposition A.6.)

An open problem is

Problem 3.41. Which processes X can be represented as X "™ Bor in the sense
of Setting I1I7?



4 Change of Measure for Lévy Processes

4.1 General Theorems

Throughout this section, 7' is a fixed positive number meaning the time horizon.

Definition 4.1. Let (Q,f, (Fi)i<rs P) be a filtered probability space. A process
(Xt)i<r is called an (F;)-Lévy process if X is a Lévy process, X is (F;)-adapted, and,
for any s < t, the increment X; — X is independent of F;.

Lemma 4.2. If (X;)i<r is an (F;)-Lévy process, then, for any s < T, the o-field
o(X; — Xs; t € [s,T)) is independent of F.

The proof is Exercise 4.10.

Lemma 4.3. (Change of measure for compound Poisson processes.) Let
(Xt)i<r be an (Fy, P)-Lévy process with the characteristics (0,0, 7)o, where v is a finite

measure (i.e. X is a compound Poisson process). Let v be a finite measure such that
v < v. Consider

M= exp{0(8) - 7(®) + L np(AX.)}, ¢<T
s<t
where p = % (we set p(0) = 0). Then M is an (F;,P)-martingale. If we set P=
MrP, then X is an (F;, P)-Lévy process with the characteristics (0,0,7),.

Proof. As v(R) < oo, the process X has a.s. only a finite number of jumps, and
thus, M is defined correctly. For any s < ¢, we have

E(M, | Fo) = Myexp{(t — s)(v(R) = 7(R))} E [] »(AX,)

s<r<t

M, exp{—(t — 5)7 }i ((t=s)v k(/ﬂgi((%u(dxgk:Ms.

=0

In the first equality, we have applied Legnma 4.2.
In order to prove that X is an (F;, P)-Lévy process with the prescribed character-
istics, it is sufficient to note that, for any s <t and A\ € R,
E~

T

M,
= Eexp{ Z INAX, + (t— s)(v(R) — 7(R)) + Z IDP(AXT)}

( PIMXE—X)

. oo — s\ k 6iA;j:n§,;t(m) k
—exp{—(t— (R} Y ]2! (R)) (/R T u(dm))

ei/\x-l-ln p(x) I/(dx) }
R

_ exp{(t _g) /R (e — 1)5(@;)}.

In the first equality, we have used the Bayes formula; in the second equality, we have
applied Lemma 4.2. Consequently, X; — X is P-independent of F; (see Exercise 4.9)
and has the prescribed characteristic function. O

:exp{—u—s)ﬂ(m -9 [
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Proposition 4.4. (Change of measure for Lévy processes.) Let (X;)<r and
()?t)tg be Lévy processes with the characteristics (b,c,v)y and (Z, ¢, V), respectively.
Then Law(Xy;t < T) ~ Law()zt; t < T) if and only if the following conditions are
satisfied:

(i) either ¢ >0, or ¢ =0 and

b= b+/{x§}x(y—§)(daj); (4.1)

(i) ¢ = ¢;
(iii) v ~ v and

/R( p(x) — 1)21/(dx) < 00, (4.2)

d

where p = 4.

For the proof, see [22; Theorem 33.1].

Remark. Condition (4.2) guarantees that

/ |z|dVar(v — v)(dx) < oo,
{lzl<1}
and thus, the rigth-hand side of (4.2) is defined correctly (see Exercise 4.12). O

Proposition 4.5. Let (X;)i<r and ()N(t)tST be Lévy processes with the character-

istics (b,c,v)g and (b,¢,v) g, respectively. Suppose that v ~ v. Then the distributions

Law(Xy; ¢t <T) and Law(Xy; t < T) are either equivalent or singular.

For the proof, see [2].

4.2 No Arbitrage and Completeness of Exponential Lévy
Models

Let (Q,f, (Fi)i<rs P) be a filtered probability space. Let (X;),<r be an (F;)-Lévy
process. Consider an exponential Lévy model for the discounted stock price:

S, = Spe™t, t<T, (4.3)

where Sy > 0.
In the following theorems we exclude the trivial case X = 0.

Theorem 4.6. (No arbitrage.) (a) Model (4.3) does not satisfy the (NFLVR)
condition (see Definition A.12) only in the following cases:

(i) S is increasing;

(ii) S is decreasing.

(b) Moreover, if the (NFLVR) condition is satisfied, then there exists a measure
P ~ P such that S is an (F, ﬁ) -martingale and X is an (Fy, ﬁ) -Lévy process.
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Theorem 4.7. (Completeness.) Suppose that model (4.3) satisfies the (NFLVR)
condition and F, = F7 . Then the model is complete (see Definition A.14) only in the
following cases:

(i) Xy = pt + 0B, where B is a Brownian motion and o # 0;
(ii) X; = pt + oNxi, where N is a standard Poisson process and o < 0.

Remarks. (i) Theorem 4.6 (a) was proved in the paper [15] by P. Jakubénas. We
will give here a different proof.

(ii)) M. Yor and J. de Sam Lazaro [26; Appendix| proved the following result.
Suppose that (X;);>¢ is a martingale such that, for any s > 0, Law(X;; ¢ > 0) =
Law(X;ys — Xg; t > 0). Set F, = FX. Then any (F;%)-local martingale started at
zero can be represented as a stochastic integral with respect to X if and only if X is a
Brownian motion or a compensated Poisson process (compare with Exercise 4.24). O

In what follows, we use the notation
H,(x) = ¢1(a] < a). (4.4)

where a is a positive real number.

The expectation sign with no subscript will always mean the expectation with
respect to the original measure P.

Lemma 4.8. Let a > 0 and (X;);<r be an (F;)-Lévy process with the character-
istics (byc,v)y, . Let v be a positive measure such that v =v on {|z| < a}, v ~v on
{|z] > a}, and 5({|z| > a}) < co. Then there exists a measure P ~ P such that X is
an (Fi, ﬁ) -Lévy process with the characteristics (b,c,V)g, .

Proof. Consider the processes

Xg:ZAXsI(|AXs|>a), X2=X,-X}!, t<T.

s<t

Then X' and X? are independent Lévy processes with the characteristics (0, 0, 1/|{|x|>a})0
and (b, c, V|{|$|Sa})H , respectively. Moreover, the two-dimensional process (X', X?) is
an (F;)-Lévy process (see Exercise 4.20).

Set

M, = exp{t(u({|x| >a}) —v({|z] > a})) + Zln p(AXsl)}, t<T,

s<t

where p = Z—Z. Similarly to the proof of Lemma 4.3, we check that M is an (F;, P)-

martingale. Consider P = M;P. Then, by Lemma 4.3, X' is an (F, IS)—Lévy process
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with the characteristics (O, 0, '17|{|m|>a})0. Furthermore, for any s < ¢, A € R, we have
. . M
E INX—Xs) fs —E INX—Xs) t fs
(¢ | 7:) (e M,

; M, o1 e M s s
— Eez/\(thXs)_t — Eez)\(Xt —xhH Eel)‘(Xt ~X2)
Mg M,

- exp{(t s /{ G 1)§(dz)} (4.5)

X exp{(t —5) [i)\b — %QC + /{|m|<a}(em —1- Mm)u(dm)] }
— exp{(t —5) {z’)\b — %QC + /R(em —1- i)\Ha(x))V(dx)] }

Consequently, X;— X is P-independent of F, (see Exercise 4.9) and has the prescribed
characteristic function. a

Proof of Theorem 4.6. Throughout the proof, ¢ denotes the diffusion coefficient
of X and v denotes the Lévy measure of X. We will prove the theorem by considering
several cases.

Case I Suppose that there exists a > 0 such that v((—oco,—a)) > 0 and
v((a,00)) > 0. Let b be the first characteristic of X with respect to H,. There
exists a positive measure v such that

v=von {|z| <a}, (4.6)
v~von{|z>a}, (4.7)
v({|z| > a}) < o0, (4.8)
/ ¢"(dx) < oo, (4.9)

{lz[>a}
b+g+/R(e“"—1—xI(|x| < a))v(dz) = 0. (4.10)

In order to construct such a measure, it is sufficient to take first a rapidly decreasing at
infinity function p such that 5 > 0, p =1 on [—a,a|, and the measure 7 = pv satisfies
conditions (4.6)—(4.9). Then, using the density of the form p = al(z < a)+ SI(z > a)
with «, 8 > 0, one can construct a measure v = pr that satisfies conditions (4.6)—
(4.10). By Lemma 4.8, there exists a measure P ~ P such that X is an (ft,lg)—
Lévy process with the characteristics (b, ¢, V), . It follows from Proposition A.5 that
ElgeXf =1, t <T. Now, it is easy to see that ¥ is an (F;, ﬁ)—martingale.

Case II. Suppose that v is concentrated on (0, 00) and fol zv(dz) = oo. Let b(a)
denote the first characteristic of X with respect to H,. Then, for a € (0, 1),

b(a) =b(1) — /{ e zv(dz),

and, due to the condition fol zv(dz) = oo, we can choose a > 0 such that
v({x > a}) >0 and

b(a)+£+/ (" =1 —z)v(dz) <0.
2 {0<z<a}
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Obviously, there exists a positive measure v that satisfies conditions (4.6)—(4.10). We
now proceed as in Case I.

Case III. Suppose that v is concentrated on (0, 00), fol zv(dz) < oo, and ¢ > 0.
By the Lévy-Ito decomposition (see Proposition A.7), X can be represented as
X = X'+ X2, where X! and X? are independent Lévy processes with the charac-
teristics (0,0,v)y and (b,¢,0)y, respectively. (Here, b denotes the first characteristic
of X with respect to H.) The two-dimensional process (X', X?) is an (F;)-Lévy
process (see Exercise 4.19). There exists a positive measure v that satisfies condi-
tions (4.6)—(4.9) with @ = 1. Take

and set
M, = exp{t(V(ﬂ«’L“l > 1} = v({[z[ > 1})) + Zlnﬂ(AXi)}
s<t
b—b_, (b—b)?
xexp{ = X; — 52 te, t<T,
where p = 2. Computations similar to (4.5) show that M is an (F, P)-martingale,

and X is an (F, ﬁ)—Lévy process with the characteristics (Z, ¢, V)y, where P = M;P.
We now proceed as in Case 1.

Case IV. Suppose that v is concentrated on (0, 00), fol zv(dzr) < oo, ¢ =0, and
b < 0, where b is the first characteristic of X with respect to the zero truncation
function. The first characteristic b(a) with respect to H, is given by

b(a) =b +/ zv(dz).
{0<z<a}
We can find a > 0 such that v((a,00)) > 0 and

b(a) +/{0< < }(e“" —1—z)r(dz) <O0.

We now proceed as in Case 1.

Case V. Suppose that v is concentrated on (0, 00), fol azv(dz) < oo, ¢ = 0, and
b > 0, where b is the first characteristic of X with respect to the zero truncation
function. In this case X is a subordinator (see [22; Theorem 21.5]), and hence, S is
increasing.

Case VI. Suppose that ¥ = 0. In this case the desired statement follows from
Girsanov’s theorem.

The cases, where v is concentrated on (—oo, (), are considered similarly to Cases 11—
V. O

Proof of Theorem 4.7. Part I Let us first prove that in cases (i), (ii) the model
is complete.

In case (i) this is the Black-Scholes-Samuelson model, and its completeness is widely
known.
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In case (ii) we have, by It6’s formula (see [14; Ch. I, Theorem 4.57]),

t
S =Sy +/ eX-dX, + Z(eXS — e — eXS—AXs)
0

s<t

t t
=S+ ,u/ eXs-ds + U/ eXs=dN,, + ZeXS‘ (e"AN“ —-1- O'AN)\S)
0

0 s<t

t
=S+ ,u/ eX=ds + Z e (e”AN“ — 1) (4.11)
0

s<t

¢ ¢
=Sy + ,u/ e*ds + (e7 — 1) / e~ dNy,
0 0

t
:So—i-(eg—l)/st_d<N/\s—LS>, t<T.
0

1—e€°

In view of Lemma 4.3, there exists a measure P ~ P such that with respect to P the

process (Ny)i<r is a Poisson process with intensity #— (note that #- < 0 since

po < 0). Then £t is the ﬁ—compensator of Ny, and it is known that any (F, IS)—
local martingale M (recall that F;, = F° = F}) started at zero can be represented

as
! [
Mt:/ st<N)\s— 5)
0 1—e°

(see [14; Ch. III, Theorem 4.37]). Hence, M can also be represented as a stochastic
integral with respect to S. Now, it follows from the Second Fundamental Theorem of
Asset Pricing (see Proposition A.15) that the model is complete.

Part II. Let us prove that model (4.3) is complete only in cases (i) and (ii). Let v
denote the Lévy measure of the process X. Suppose that the support of v contains
more than one point. The analysis of the proof of Theorem 4.6 shows that in this case
one can construct two different measures P and P’ that are equivalent to P and such
that S is a martingale with respect to both of them. So, in this case the model is not
complete.

Suppose now that the Lévy measure of X is concentrated at one point. Then X
can be represented as

Xy=ut+0oB;, +06Ny, t<T, (4.12)

where p,0,0 € R, A > 0, B is a Brownian motion, and N is a standard Poisson
process that is independent of B. By It6’s formula (compare with (4.11)),

t 2
S, = Sy +/ eXS‘d<us + %s + 0B, + (& — 1)NA5>, t<T. (4.13)
0

Using Girsanov’s theorem and Lemma 4.8, we can, for each a € R, b > 0, construct a
measure P, ~ P such that with respect to this measure B is a Brownian motion with
the drift @ and N is a Poisson process with the intensity b that is independent of B.
If

2
p+ o+ oa+ (€ — 1) =0, (4.14)

then, in view of (4.13), the process S is an (F;, Pyy)-local martingale.
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Suppose that 0,0 # 0. Then there exist different pairs (a,b) satisfying (4.14) and
hence, different equivalent local martingale measures for S. As a result, model (4.3)
with X given by (4.12) can be complete only if o = 0 or § = 0. But these are exactly
cases (i) and (ii). O

4.3 Exercises

# Exercise 4.9. (On conditional characteristic functions.) Let ¢ be a
d-dimensional random variable on (2, F,P) and G C F. Suppose that

VA e R, E(e9) | G) = B¢,
Prove that ¢ is independent of G.

# Exercise 4.10. Prove Lemma 4.2.
(Hint: Use Exercise 4.9.)

© Exercise 4.11. Let (X;);<r and (X't)tg;p be compound Poisson processes with
Lévy measures v and v, respectively. Prove that Law(X;; ¢t <T) < Law(X;; ¢t < T)
if and only if v < v.

© Exercise 4.12. Prove the remark following Proposition 4.4.

# Exercise 4.13. (Revealing the drift of a Lévy process.) Let (X;),<r be a
Lévy process with the diffusion coefficient c¢. Let a # 0.

(a) Prove that if ¢ # 0, then Law(X; + at; t <T) ~ Law(X; ¢t <T).

(b) Prove that if ¢ =0, then Law(X; 4+ at; t <T) L Law(Xy; ¢t < T).

# Exercise 4.14. (Revealing the time scale of a Lévy process.) Let (X;);>o
be a Lévy process. Let a > 0 and a # 1.

(a) Prove that if X is a compound Poisson process, then Law(Xy;t < T) ~
Law(X;; t <T).

(b) Prove that if X is not a compound Poisson process, then Law(Xy; ¢t <T) L
Law(Xy; ¢ < T).

Exercise 4.15. (Singularity of distributions of Lévy processes with differ-
ent diffusion coefficients.) Let (X;);<r and (Xt)th be two Lévy processes with
different diffusion coefficients. Prove that Law(X,; t < T) L Law(X;; t < T).

(Hint: Use the Lévy-Ito6 decomposition; see Proposition A.7.)

Exercise 4.16. (Singularity of distributions of different stable processes.)
Let (X;)i<r and (X;);<r be two stable Lévy processes with different distributions.

Prove that Law(X;; t <T) L Law(Xy; ¢t < T).

# Exercise 4.17. (Singularity of distributions of different Lévy processes.)
Let (X;)i>0 and (X;);>0 be two Lévy processes with different distributions. Prove that
Law(X;; ¢t > 0) L Law(X,; ¢ > 0).
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© Exercise 4.18. Give an example of two Lévy processes (X;);<r and (X't)tg;p such
that neither of the following conditions is satisfied:

Law(X,; t <T) < Law(X,; t < T),
Law(X,; t <T) < Law(X,; t < T),
Law(Xy; ¢ <T) L Law(Xy ¢t < T).

# Exercise 4.19. Let (X;);>o be an (F;)-Lévy process and X', X? be the pro-
cesses given by the Lévy-Itd decomposition (see Proposition A.7). Prove that the
two-dimensional process (X', X?) is an (F;)-Lévy process.

# Exercise 4.20. Let a > 0 and (X;);>0 be an (F;)-Lévy process with the charac-
teristics (b, c,v)p, . Set

X! =Y AXJ(AX,| >a), X?=X,-X/, t>0

s<t

(a) Prove that X' and X? are independent Lévy processes with the characteristics
(O,O,I/|{‘x‘>a})0 and (b, C’V|{\$\Sa})Ha’ respectively.

(Hint: Use the Lévy-It6 decomposition; see Proposition A.7.)

(b) Prove that the two-dimensional process (X', X?) is an (F;)-Lévy process.

# Exercise 4.21. (No arbitrage for a linear Lévy model.) Let (X;).<r be an
(F;)-Lévy process. Consider a linear Lévy model

St:SQ+Xt, tST,

where Sy € R.

(a) Prove that this model does not satisfy the (NFLVR) condition only in the
following cases:

(i) S is increasing;

(ii) S is decreasing.

(b) Prove that if the (NFLVR) condition is satisfied, then there exists a measure

P ~ P such that X is an (F;, P)-martingale and an (F;, P)-Lévy process.
(Hint: Use Proposition A.4.)

* Exercise 4.22. (On Lévy martingales.) (a) Let (X;);>¢ be an (F;)-Lévy pro-
cess. Prove that the following conditions are equivalent:

(i) X is an (F;)-o-martingale (see Definition A.9);

(ii) X is an (F;)-martingale.

(Hint: Use Propositions A.4 and A.11.)

(b) Let (X¢);>0 be an (F;)-Lévy process. Prove that the following conditions are
equivalent:

(i) e is an (F;)-o-martingale;

(ii) eX is an (F;)-martingale.

(Hint: Use Propositions A.5 and A.11.)
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# Exercise 4.23. (Completeness for a linear Lévy model.) Suppose that a
linear Lévy model introduced in Exercise 4.21 satisfies the (NFLVR) condition and
Fy = F7. Prove that the model is complete only in the following cases:

(i) Xy = pt + 0By, where B is a Brownian motion and o # 0;

(ii) X; = ut + 0Ny, where N is a standard Poisson process and po < 0.

# Exercise 4.24. (Predictable representation property for Lévy processes.)
Let (Xi);>0 be a Lévy process. Suppose that X is a martingale and any
(FX)-local martingale started at zero can be represented as a stochastic integral
with respect to X. Prove that either X; = ¢B;, where B is a Brownian motion,
or X; =oN, — oAt, where N is a standard Poisson process.

(Hint: Use Exercise 4.23 and the Second Fundamental Theorem of Asset Pricing;
see Proposition A.15.)

Exercise 4.25. (On the condition F;, = F°.) Give an example of an (F;)-
Brownian motion B and an (F;)-local martingale started at zero that cannot be rep-
resented as a stochastic integral with respect to B.

Exercise 4.26. (On the condition F; = F7.) Give an example of an (F)-
Brownian motion B such that (F;) is strictly larger than (FF), but any (F;)-local
martingale started at zero can be represented as a stochastic integral with respect to B.

An open problem is

Problem 4.27. (Exponential Lévy models with an infinite time horizon.)
Consider model (4.3) with an infinite time horizon. In which cases does this model

satisfy the (NFLVR) condition?
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5.1 Nice Properties of Time-Changed Exponential Lévy
Models

Throughout this section, 7' is a fixed positive number meaning the time horizon.

Let (Q,Q, (Gt)e>o0, P) be a filtered probability space and (X;);>0 be a (G;)-Lévy
process. Let (7).<r be an increasing cadlag process that is Gy-adapted (in particular,
X and 7 are independent; see Lemma 4.2). Consider a time-changed exponential Lévy
model for the discounted stock price:

Sy =S¥t ¢t < T, (5.1)
where Sy > 0. The filtration (F;);<r is an arbitrary filtration such that 77 C F, C G,,.

Definition 5.1. A process Z has stationary increments if the distribution of
Z; — Zs depends only on t — s.

Lemma 5.2. Let (X;)i>0 be a Lévy process and (1;)i<r be an independent increas-

ing cadlag process with stationary increments. Then X o1 has stationary increments.

Proof. We can assume that (Q, F,P) = (Qy, F1, P1) X (Qy, F,Ps) and X = X (wy),
7 = 7(wy). Denoting by ®()\) the characteristic exponent of X (i.e. Ee?¥t = e!®WV)),
we get, for any s <1, A € R,

EeiM(Xor)i—(Xor)s //exp{z)\ i(ws) (1) XTS(W_))(wl))}Pl(dwl)Pg(dwg)
2 J

- / eXp{ Tt wQ) - 7—S(W2 }PQ de Eei(Tt_TS)q)()\)’

2

and this quantity depends only on £ — s and . a

Lemma 5.3. Let (X;);>0 be a Lévy process such that, for any t > 0, EX? < oo

and EXy; = 0. Let (1)< be an independent increasing cadlag process such that, for
any t > 0, Er; < oo. Then, for any t > 0, E(X o7)? < oo and E(X o7); = 0.
Moreover, the increments of X o1 over disjoint intervals are not correlated.

The proof is Exercise 5.8.

5.2 No Arbitrage and Completeness of Time-Changed
Exponential Lévy Models

In the following theorems we exclude the trivial case X = 0.

Theorem 5.4. (No arbitrage.) (a) Model (5.1) does not satisfy the (NFLVR)
condition (see Definition A.12) only in the following cases:

(i) S is increasing;

(i) S is decreasing.

(b) Moreover, if the (NFLVR) condition is satisfied, then there exists a measure
P ~ P such that S is an (F,, P)-martingale and

Law((X o7);; t <T |P) = Law((Z o o)y t < T),

where Z 1s a Lévy process and o is an independent increasing cadlag process.
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Theorem 5.5. (Completeness.) Suppose that model (5.1) satisfies the (NFLVR)
condition and F, = F; . Then the model is complete (see Definition A.14) only in the
following cases:

(i) X; = pt + 0By, where B is a Brownian motion, o # 0, and 7 is a continuous
deterministic function;

(ii) X; = pt + 0Ny, where N is a standard Poisson process, po < 0, and 7 is a
continuous deterministic function.

Proof of Theorem 5.4. (a) The conditions of the theorem imply that X is nei-
ther increasing nor decreasing. The analysis of the proof of Theorem 4.6 shows that
there exists an (F;*)- adapted (G;, P)-martingale (M;);>¢ such that, for any v > 0,
the process (X;)i<y is a (Gi, Py)-Lévy process and (e*);<, is a (G, P,,)-martingale,
where ﬁu = M,P. Denote

Q = Law(Xy; t > 0),

R=Law(r; t <T),

so that Q, Q, are measures on D(R,) and R is a measure on D([0, T]). Since (X4)i<u
is a P,-Lévy process and EﬁueXt =1 for ¢t < u, we conclude by Proposition A.3 that
Ei5 SUpP;,, € Xt < 00,

Obviously, there exists a measure R ~ R such that the density p = <& is bounded
and

/ / sup Xt Q. (dX) R(dr) < oc. (5.2)

t<Tr

(In order to construct such a measure, it is sufficient to consider the density of the
form p(7) = ¢(7r), where ¢ is a bounded rapidly decreasing at infinity function.)
Set P = p(7) Mz, (X)P. It follows from the equalities

EpVr(X) = [ 3n) [ Mr(¥)Qu@X)Ran = [ pln)R(r) -

D([0,TT) D(R+) D([0,TT)

and

P(p(r) My, (X) > 0) = / 1(p(r) > 0) / I(My, (X) > 0) Q(dX) R(dr)
D(,1)) D(R+

(Ry)
- / I(p(r) > 0) R(dr) =
D([0,T7)

that P is a probability measure and P~P.
Set }/t = Xt/\TT . Then

Essupe’ = Eg sup e = / p(7) / sup e~ Mz, (X) Q(dX) R(dr)

t>0 t<Tr t<Tr
(5.3)
/ / sup e¥ Qr, (dX) R(dr) < oo

t<Tr
D([0,17)
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(see (5.2)). For any u > 0, the process (Mie™t),<, is a (G, P)-martingale (see [14;
Ch. III, Proposition 3.8]). Hence, (M;e**);5o is a (G, P)-martingale. Consequently,
(Miarp€¥)i>0 is a (Gi, P)-martingale. Since p(7) is bounded and G-measurable, the
process (p(1)Minr,.€')i>0 is a (G, P)-martingale. Notice that (p(7)Miazy)i>0 is the
density process of P with respect to P. Thus, (€'*);50 is a (G, IS)—martingale (see [14;
Ch. III, Proposition 3.8]). Combining this with (5.3), we conclude that (e**);5o is a

uniformly integrable (G;, P)-martingale. The theory of martingales ensures that there

exists a random variable & such that, for any ¢t < T', e(V°7t = Es(¢ | Gr,). This implies
that the process e¥°7 is a (QTt,ﬁ)—martingale. Obviously, e¥°™ = eX°7, and hence,
eX°7 is an (F, P)-martingale.

(b) The analysis of the proof of Theorem 4.6 shows that there exists a Lévy process
(Z4)i>0 such that, for any u > 0,

Law(X;; t < u | Py) = Law(Z,; t < u).
Obviously, B
Law((Xo7);; t <T|P)=Law((Zoo)u t <T),
where Z, o are independent and Law(oy; t < T) = R. O

Proof of Theorem 5.5. Part I. Let us prove that in case (i) the model is complete.
Obviously, there exists a measure P ~ P such that X; = aB; — %Zt, where (By)i<r, is

a Brownian motion with respect to P (recall that 7 is deterministic).

Let (M;)i<r be an (F, 5)—martingale started at zero. Set o, = inf{s > 0: 7, > t}
for t < 7, and o7, = T'. Then o is an increasing right-continuous function. The
process (My,)i<7, is an (F,,, P)-martingale. Note that F, = F = FX = .7-"5, t<T.
In view of the continuity of 7, we have F,, = ]:Tijt = ]:té, t < 7r. Hence, there exists

an (th)—predictable E—integrable process (Hy;);<7, such that

t o~

M,, = / H,dB,, t< .

0

In view of the equality
t o~
eXt =1 —|—a/ e*dB,, t>0,
0

we have

1/ b
M,, = —/ Hye X d(Spe™) = / H,d(See™™), t< 7y
@SO 0 0

Using the time-change formula for stochastic integrals (see [21; Ch. V, Proposition 1.5]),
we deduce that

t
M, = / H.dS, t<T.
0

Let [a,b] be an interval of constancy of 7, ie. 7, = 7,. Then F, = F, up to
P-null sets, and hence, M, = M, a.s. Since M is cadlag, this means that almost all
the paths of M are constant over all the intervals of constancy of 7. Hence, M, = M,
fort <T.
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Thus, any (ft,lg)—martingale started at zero can be represented as a stochastic
integral with respect to S. Then this is also true for all the (F;, IS)—local martingales.
By the Second Fundamental Theorem of Asset Pricing, the model is complete.

The proof of the completeness for case (ii) is similar.

Part II. Suppose that the model is complete. Assume first that 7 is not determin-
istic. Then there exists r € [0,7] such that the support of Law(7,) contains at least
two points a, b. We can choose a sequence of bounded densities p,(7) such that they
satisfy (5.2) and

Law(7, | puR) —— 0,.
n—oo

Here, R = Law(r; t < T) and 4, is the Dirac measure at the point a. There also
exists a sequence p/,(7) satisfying the same conditions and such that

Law(7, | pl,R) —— 6.
n—oo

If we set P, = pn(T) Mz (X)P, P = oo (T) Mz, (X)P, where M the same as in the
previous proof, then (S;);<r is a martingale with respect to all the measures ﬁn, ,|5’n
(see the proof of Theorem 5.4).

There exists a Lévy process (Z;)i>o such that, for any u > 0,

Law(X; t <u | Py,) = Law(Z; t < u),
where ﬁu = M,P. Then

Law((X o 7), | P,) ——s Law(Z,),

n—oo

Law((X o7), | P.) —— Law(Z),

n—oo

which shows that there exists n such that
Law((X o 1), | P,) # Law((X o 7), | P.).

Hence, there exist different equivalent martingale measures for S. By the Second
Fundamental Theorem of Asset Pricing, the model is not complete. Thus, 7 is a
deterministic function.

Now, the arguments used in the proof of Theorem 4.6 show that the model can be
complete only if X is a Brownian motion with a drift or a Poisson process with a drift.

Finally, let us prove that 7 is continuous. Suppose that there exists r € [0, 7] such
that 7. # 7,. Then, by considering densities of the form p(X, — X, _), one can
construct different martingale measures for S. O

5.3 Exercises

Exercise 5.6. Let (X;);>o be a Lévy process and (7;)i<r be an independent in-
creasing cadlag process, whose increments are stationary in the following sense: if a
collection (t,...,t)) is obtained from (¢, ...,%,) by a shift, then

Law(ﬂy1 = Ti e T, Ty ) = LaW(Tt1 — Tigy e vy Tty — Tty_q)-

Prove that the increments of X o 7 are stationary in the same sense.



28 Section 5. Change of time for Lévy processes

# Exercise 5.7. Let (X;);>0 be a Lévy process such that, for any ¢ > 0, EX? < oo
and EX; = 0. Prove that there exists k¥ > 0 such that EX? = kt, ¢t > 0.

# Exercise 5.8. Prove Lemma 5.3.
(Hint: Use Exercise 5.7.)

© Exercise 5.9. Let (X;);>o be a strictly a-stable Lévy process and (73);<r be an
independent strictly [-stable subordinator. Prove that X o7 is a strictly af-stable
Lévy process.

(Hint: Use the fact that a Lévy process X is strictly a-stable if and only if for

law

any k,t 2 0, th = kaXt.)

##Exercise 5.10. Let X be a symmetric Lévy process that belongs to one of the
following classes of processes: VG, CGMY, GHYP. Let (1;);<r be an independent

. . NI law
increasing cadlag process. Prove that X o7 can be represented as X o7 = B oo,

where B is a Brownian motion and o is an independent increasing cadlag process.

Exercise 5.11. (No arbitrage for a time-changed linear Lévy model.) Con-
sider a time-changed linear Lévy model

St:SU+(XOT)t, tST,

where Sy € R, and X, 7, (F;) are the same as in (5.1).

(a) Prove that this model does not satisfy the (NFLVR) condition only in the
following cases:

(i) S is increasing;

(ii) S is decreasing.

(b) Prove that if the (NFLVR) condition is satisfied, then there exists a measure
P ~ P such that S is an (F,, P)-martingale and

Law((X o7);; t <T |P) = Law((Z o o)y t < T),

where Z is a Lévy process and o is an independent increasing cadlag process.
(Hint: Use Exercise 4.21.)

Exercise 5.12. (Completeness for a time-changed linear Lévy model.)
Suppose that a time-changed linear Lévy model introduced in Exercise 5.11 satisfies
the (NFLVR) condition and F; = F7. Prove that the model is complete only in the
following cases:

(i) X; = pt + oB;, where B is a Brownian motion, o # 0, and 7 is a continuous
deterministic function;

(ii) X; = pt + oNy;, where N is a standard Poisson process, po < 0, and 7 is a
continuous deterministic function.

Exercise 5.13. Let x be a Poisson random variable with parameter A. Let
(Mm)SS_; be a sequence of independent random variables (that are also independent
of k) with

Py =1) =p, P =0)=1-p.

Prove that £ := )" _ 1, has the Poisson distribution with the parameter pA.
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* Exercise 5.14. (Filtering the time-change.) Let (X;);>o be a Lévy process
with the characteristics (b, ¢,v)y and (7;)i<r be an independent increasing continuous
process.

(a) Suppose that v(R) = co. Find disjoint sets (A,)s2, such that v(A4,) € [1,00).
Let (n)),)m =1 be independent random variables (that are also independent of (X, 7))
with

PO = 1) = gy PR =0 =1 o
Set .
=Y I(A(Xor) €4n), &=
t<T m=1
Prove that

= Nhiréoﬁzf”

(b) Suppose that ¢ > 0. Prove that

Tr = %([XOT]T—ZA(XOTﬁ).

s<T

(c) Suppose that ¥(R) < oo, ¢ = 0, but X is not a compound Poisson process.
Then X can be represented as

Xt:7t+ZAXS, t<T.

s<t

Prove that

Tr = 1<(XOT)T—ZA(XOT)t>.

v t<T

*k Exercise 5.15. (Conditional law of the time-change.) Let (X;);>¢ be a Lévy
process and (7;)i<r be an independent increasing cadlag process with independent
increments. Set Q, = Law(r; ¢ < T | X o7 = ¢). Prove that, for a.e. ¢ (with
respect to the measure Law((X o 7);; ¢ < T)), the canonical process Z on D([0,T])
has independent increments with respect to Q.

An open problem is

Problem 5.16. (Time-changed exponential Lévy model with an infinite
time horizon). Consider model (5.1) with an infinite time horizon. In which cases
does this model satisfy the (NFLVR) condition?
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A.1 Lévy Processes

Definition A.1. A function f: R — R, is called submultiplicative if there exists
a constant a such that, for any =,y € R, we have f(z+y) < af(x)f(y).

Remark. The functions e and |z|* V1 with a > 0 are submultiplicative (see [22;
Proposition 25.4]. O

Proposition A.2. Let X be a Lévy process and f(x) be a submultiplicative func-
tion. Then the following conditions are equivalent:

(i) Ef(Xy) < oo for some t > 0;

(i) Ef(X}) < o0 for any t > 0;

(iii) the Lévy measure v of X satisfies the condition

/ f(x)v(dr) < .
{lz[>1}

For the proof, see [22; Theorem 25.3].

Proposition A.3. Let X be a Lévy process and f be a continuous submultiplica-
tive function increasing to oo as x — oo. Then the following conditions are equivalent:
i) Ef(|X¢]) < oo for some t > 0;

ii) Ef(|X:]) < oo for any t > 0;
iii) Ef (sup,«, | Xs|) < oo for some t > 0;
iv) Efgsups;t |XS|; < oo for any t > 0.

For the proof, see [22; Theorem 25.18].

o~~~

Proposition A.4. (The first moment of a Lévy process.) Let a >0 and X
be a Lévy process with the characteristics (b,c,v)y, (H, is defined in (4.4)). Suppose

that
/ |z|v(dz) < oco.
{lz|>a}

Then, for any t > 0, E|Xy| < oo and

EX, = t(b +/ a:u(da:)), t > 0.
{lz|>a}

For the proof, see [22; Example 25.12].

Proposition A.5. (The exponential moment of a Lévy process.) Let a > 0
and X be a Lévy process with the characteristics (b,c,v)y, (H, is defined in (4.4)).

Suppose that
/ e"v(dz) < oo.
{lz|>a}

Then
EeXt = exp{t[b + g + /R<e —1- Ha(x))u(dx)] } t>0.
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For the proof, see [22; Example 25.17].

Proposition A.6. (Lévy processes of finite variation.) Let X be a Lévy
process with the characteristics (b,c,v)y (H is defined in (3.2)). Then X has finite
variation if and only if ¢ =0 and

/ |z| Al v(dr) < oc.
R

For the proof, see [22; Theorem 21.9].

Proposition A.7. (Lévy-It6 decomposition.) Let (X;);>0 be a Lévy process
with the characteristics (b, c,v)y,, where h is a truncation function.
(a) The random measure

N(w,B) := Y I(AX,#0, (s,AX,) € B), Bé€BR, xR)

5>0

is a Poisson random measure with the intensity measure dt X v(dz).
(b) With probability one the limit

X! = lim<z AXI(|AX,| > ¢) — t/

W\ {|2]>¢}

h(x)u(dx)), t>0

is defined for all t > 0, and the convergence is uniform in t on every compact interval.
If we set X? = X — X', then X' and X? are independent Lévy processes with the
characteristics (0,0,v), and (b,c,0),, respectively.

For the proof, see [22; Theorem 19.2].

A.2 Sigma-Martingales

Proposition A.8. Let (X;)<r be a semimartingale on a filtered probability space
(Q,f, (Fi)i<rs P). The following conditions are equivalent:

(i) there exists a sequence of predictable sets D, C Qx[0,T] such that D, C Dy 1,
U, Dn = Q% [0,T], and , for each n, the process [, Ip,dX, is an (Fy)-martingale;

(ii) there exist an (F;)-local martingale M and an M -integrable process H such
that

t
Xt:XU+/HSdMs, t<T.
0

For the proof, see [24; Lemma 5.1].

Definition A.9. A process X that satisfies the equivalent conditions of Proposi-
tion A.8 is called a o-martingale.

This class of processes was introduced by C.S. Chou [4] and M. Emery [9] under the
name “semimartingales de la classe ¥,,” (they defined a o-martingale as a stochastic
integral with respect to a local martingale). F. Delbaen and W. Schachermayer [6]
called these processes “o-martingales”. The description of o-martingales through
predictable sets D,, was proposed by T. Goll and J. Kallsen [11]. For more information
on o-martingales, see also the paper by J. Kallsen [17].

Obviously, any local martingale is a o-martingale. The reverse is not true. A
corresponding example was constructed by M. Emery [9].
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Proposition A.10. (Ansel, Stricker.) A o-martingale that is bounded below is
a local martingale.

For the proof, see [1].

Let (X;);<r be an (F;)-semimartingale with the characteristics (B, C, V), where

h is a truncation function. Then there exist predictable processes b, ¢, a transition
kernel K (w,t,dz) from (Q x [0,T],P) (here, P stands for the predictable o-field) to
(R, B(R)), and an increasing predictable process A such that

t t
B, = / bsdAs, C;= / csdAs, V(w,dt,dx) = K(w,t,dx)dA(w)
0 0

(see [14; Ch. II, Proposition 2.9]).

Proposition A.11. The process X is a o-martingale if and only if for P x dA-a.e.
(w,t), we have

/ |z| K (w, t, dz) < 00
{lz|>1}

and

b(w,t) + /R(x — h(z))K(w,t,dz) = 0.

For the proof, see [16; Lemma 3].

A.3 Fundamental Theorems of Asset Pricing

Let (Q,F, (F)i<r, P; (S)i<r) be a model of a financial market. Here, S is an (F)-
semimartingale. From the financial point of view, S is the discounted price of an asset.
Recall that a strategy is a pair (x, H), where x is Fy-measurable and (H;);<r is an
S-integrable process (for the definition of integrability, see, for instance, [24]). The
discounted capital of this strategy is the process x + fo H,dS,.

The following notion of the no free lunch with vanishing risk was introduced by
F. Delbaen and W. Schachermayer [5]. It serves as an adequate continuous-time ana-
logue of the no arbitrage condition.

Definition A.12. A sequence of strategies (z", H") realizes free lunch with van-
ishing risk if

(i) for each n, z" = 0;

(ii) for each n, there exists a, € R such that

t
P(Vth, x+/ HudSUZan> =1;
0

(iii) for each n,
4 1
/ H}dS, > —— as.;
0 n

(iv) there exists § > 0 such that, for each n,

T
P(/ HdS, >6> > 0.
0

A model satisfies the no free lunch with vanishing risk condition if such a sequence
of strategies does not exist. Notation: (NFLVR).
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Proposition A.13. (First Fundamental Theorem of Asset Pricing.)
A model satisfies the (NFLVR) condition if and only if there exists an equivalent o -
martingale measure, i.e. a measure P ~ P such that S is an (F, ) -0 -martingale.

Statement (a) was proved by F. Delbaen and W. Schachermayer [6]; compare with
Yu.M. Kabanov [16].

Remark. If the process S is nonnegative, then the word “o-martingale” in the
above theorem can be replaced by the word “local martingale”. This follows from
Proposition A.10.

Definition A.14. A model is complete if for any bounded F-measurable func-
tion f, there exists a strategy (z, H) such that
(i) there exist constants a, b such that

t
P(Vth, a§m+/ HudSu§b> -
0

T
(i) f= aH—/ H,dS, as.
0

Proposition A.15. (Second Fundamental Theorem of Asset Pricing.)
Suppose that a model satisfies the (NFLVR) condition and F = \/,qFi. Then the
following conditions are equivalent: -

(i) the model is complete;

(ii) the equivalent o-martingale measure is unique;

(iii) there exists an equivalent o -martingale measure P such that any (F, P)-local
martingale started at zero can be represented as a stochastic integral with respect to S.

This statement follows from [6; Theorem 5.14]. It can also be derived from [1] or
[13; Théoréeme 11.2]. An explicit proof of the Second Fundamental Theorem of Asset
Pricing in this form can be found in [24].

Remark. If the process S is nonnegative, then the word “o-martingale” in the
above theorem can be replaced by the word “local martingale”. This follows from
Proposition A.10.
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Solutions of the Exercises

Section 2

Exercise 2.1. If 7 is not absolutely continuous, then B o7 cannot be represented
as Bor 2 o e W since (Bor) =7, while (o e W) = J, o2ds.

Exercise 2.2. The process o ¢ W obviously satisfies condition (iii) of Proposi-
tion 3.6.

Section 3

Exercise 3.21. It will suffice to prove the implication (i)=-(iii). By It6’s formula,
for any A € R, the process
) 2
ez/\Bt+>‘7t’ t Z 0

is an (F;)-local martingale. Being (locally) bounded, it is a martingale. Hence, for
any s < t, we have

E(ei’\(Bt_BS) | .7:5) = e_(t_s)é.
We now apply Lemma 4.2.
Exercise 3.22. Consider 7; = inf{s > 0: B, = t}.
Exercise 3.23. Set .
Ny :/0 H,dB;, t>0.
By the Dambis-Dubins-Schwarz theorem, N can be represented as N = W o (N),

where W is a Brownian motion (possibly defined on an enlarged probability space).
Then, obviously, M = (W) o (N), where £(W), = e"¢~%/2. Now, the statement

follows from the equality
(N) oo = / HZds
0
and the fact that lim;, ,,, £(B) =0 a.s.
Exercise 3.24. Fix 0 =ty < t; < --- < t,. Then, using Fubini’s theorem
(compare with (3.1)), we get, for any \y,..., A\, € R,

Eexp{iX\i((BoT), — (BoT),)+ -+ iX((BoT), — (BoT),_,)}

)\2 )\2
= Eexpy =5 (7s = To) =+ = T (7o = Toy) (-
2 2
Hence, the multidimensional Laplace transform of ((ry, — 74,),..., (7, — 7, ,)) 1S
uniquely determined by the distribution of B o 7.
For any random variable (&,...,&,) with positive components, its distribution is

uniquely determined by the multidimensional Laplace transform

o(p1, - pn) = Eexp{—& — -+ — &nt,  p1,... pun € Ry

Indeed,
Eexp{—pu& — - — mnn} = Enf .. onhm,
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where 7;, = e~% . By the Weierstrass approximation theorem, any continuous function
on [0,1]" can be uniformly approximated by the linear combinations of the functions
having the form x4 ...z#". Thus, the distribution of (n,...,n,) as well as the dis-
tribution of (&,...,&,) are uniquely determined by ¢.

Exercise 3.25. Set 7, = £I(t > 1), where £ is a positive random variable with
EvE = oco. Then (Bort), = BeI(t > 1). Using Fubini’s theorem, one can verify
that E|Be| = v/2/7E\/€ = co. Furthermore, for any (F;°7)-stopping time o, we have
either 0 <1 or o > 1 since FP°7 is trivial. Hence, B o 7 is not a local martingale.

Exercise 3.26. Let B be a Brownian motion. Set
t
X, = / (I(t<1)+I(t>1,B; >0))dB,, t>0.
0

Then X and —X have different distributions, and therefore, X is not an Ocone mar-
tingale.

Exercise 3.27. If B is a Brownian motion and 7 is an independent increasing con-
tinuous process with E\/77 = oo, then, by Fubini’s theorem, E|Bor|; = y/2/7E\/T] =
0.

Exercise 3.28. (a) It will suffice to consider X constructed in the solution of
Exercise 3.26 and to take ¥ = —X.

(b) Since X is an Ocone martingale, it can be represented as X faw Bort, where B
is a Brownian motion and 7 is an independent increasing continuous process. We have
(X) aw (BoT)=r (see [21; Ch. V, Proposition 1.5]). Consequently, X o (X),
where W is a Brownian motion that is independent of (X). This shows that the
distribution of X is uniquely determined by the distribution of (X).

Exercise 3.29. Set Y, = fot H,dX;. Then Y obviously satisfies condition (iii) of
Proposition 3.6, and hence, it is an Ocone martingale. Since (Y) = (X), then, by

Exercise 3.28, Y 2 X . This leads to the equality (Y, (Y)) faw (X, (X)), which is the
desired statement.

Exercise 3.30. Without the loss of generality, we may assume that X = Bor,
where B is a Brownian motion and 7 is an independent increasing continuous process.
Set SB = sup,«, B, and let L? denote the local time of B at zero. P. Lévy’s theorem
states that

(S? — B,SB) 2 (|B|, LP). (S.1)

Obviously, S = SPor. Tt follows from Tanaka’s formula (see [21; Ch. VI, Theorem 1.2])
and the time-change formula for stochastic integrals (see [21; Ch. V, Proposition 1.5])
that L = LP? o 7. Furthermore, 7 is independent of both (S? — S, SP) and (|B|, L?).
Now, the desired result follows from (S.1).

Exercise 3.31. Without the loss of generality, we may assume that X = Bor,
where B is a Brownian motion and 7 is an independent increasing continuous process.
Consider the filtration F;, = FP v FL. Then B is an (F;)-Brownian motion and X
is (F,,)-adapted (see [21; Ch. V, Proposition 1.4]). Set

t
Mt:/Hsts, t>0
0
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and consider
op=inf{s>0:7,>t}, t>0

(here, inf () = oc). We have
/ (H, — H,,_ (0, < o0))’d(X), = / (H, — H,, I(0,, < o0))’dr,
0 0
= / (Hy, — Hy I(0s < oo))zl(as < oo)ds = 0.
0
In the second equality, we have applied [21; Ch. 0, Proposition 4.9]. Therefore,
t t
M, :/ H, I(o, <o0)dX, :/ H, (o, < o0)dB;,
0 0
Tt
:/ H, I(os < o00)dB;, t>0.
0
In the last equality, we have used [21; Ch. V, Proposition 1.5]. The process
t
W, = / (HyI(og < o0) + I(0y = o0))dB,s, t>0
0

is a Brownian motion and an (F;)-local martingale. It follows from Exercise 3.21 and
Lemma 4.2 that W is independent of Fy. In particular, W is independent of 7.

Finally, we get M =WoT & Bor = X.
Exercise 3.32. Fix 0 =t <t; <---<t,. Forany A,... )\, € R, we have
Eexp{i\i(Xo7)y, — (XoT)y)+ -+ id((XoT)y, — (Xo7),_,)}

= Eexp{(7, — 7o) @(M1) + -+ + (11, — 71, )P (M)}
= Eexp{(7, — 7)) ®(\1)} ... Eexp{(7, — 71,_, ) ®(\n) },

where ®()\) denotes the characteristic exponent of X (i.e Ee*Xt = ¢/®W),

Exercise 3.33. The proof is similar to the proof of Lemma 3.13.

Exercise 3.34. We have

_ iea:v—\/aZ—l—QG\:v\

]

In the last equality, we have applied [12; (3.325)].
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Exercise 3.35. The proof is similar to the proof of Theorem 3.17. The difference
is that instead of Lemma 3.13, we should use Exercise 3.33, and instead of the equality

i) = [ =)

we will have the equality

| (z — 042)2} /°° 1 a2 2
= B — d = ax 2 2z d .
q(a:) /0 \/%GXP{ 2z 77( Z) ‘ 0 \/ﬁ6 ‘ 77( Z)

Exercise 3.36. Let us prove by the induction the following statement: for any
completely monotone function ¢ and any v : (0,00) — (0,00) with a completely
monotone derivative, we have sgn(p o)™ = (—=1)". To this end, write

(pow)™*V = ((poy))™ = (¥(¢ ov)™
= (0 ) + O (@ 0 )V -+ G (T 0 )Y 4 g (! 0 ).

We now apply the induction hypothesis to the terms (¢’ o 4),..., (@' o)™,

Exercise 3.37. (a) Let h : R, — R be a continuous function, whose support
is compact and does not include 0. Then h(z) can be uniformly approximated by a
sequence (h,), where each h,(x) has the form )"  axe™ ™ with a; € R, y, > 0. (In
order to see this, it is sufficient to consider the transformation [0,00) 2 z + e * € [0, 1)
and to apply the Weierstrass approximation theorem.) Set

9N = / T h@n(dr), ga()) = / " ha(@)(dr), A€ A

Then each g, is A-measurable, and ¢ is a pointwise limit of g,. Hence, ¢ is also
A-measurable. Now, the proof is easily completed.

(b) In view of (a), the measure

pi= /A/W/(d)\)

is well defined. Obviously,

f(z) = /000 e “u(dy), z>0.

By Proposition 3.16, f is completely monotone.

Exercise 3.38. (a) The function under the integral in (3.4) is positive, and the
result follows from Theorem 3.17, Lemma 3.18, and Exercise 3.37.

(b) The result follows from Exercise 3.35, Lemma 3.18, and Exercise 3.37.

Exercise 3.39. (i)« (ii) This equivalence is a direct consequence of Lemma 3.8
and Exercise 4.22.

(ii) < (iii) This equivalence follows from the equality E|B o 7|, = /2/7E\/7; and
the fact that a Lévy process with the zero mean is a martingale.

(iii) < (iv) This equivalence follows from Proposition A.2.
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Exercise 3.40. Let v denote the Lévy measure of B o 7. Using Lemma 3.13 and
Proposition A.6, we can write

Ll nrutdn) = [ [ el nrau@ona) = [ ptomae) <o

where Q, denotes the normal distribution with the zero mean and the variance z. The
function ¢ is strictly positive on (0,00) and ¢(z) ~ /2z/m as z — 0. This leads to
the desired statement.

Section 4

Exercise 4.9. Let n be a G-measurable random variable. Then, for any
Ay .oy Agr1 € R, we have

Eexp{iM& + - 4+ iMgq + iAaan}

= E(E(exp{iMi& + - - +idala + iXar1n} | G))

= E(exp{i)\dHn}E(exp{i)\lfl + -+ iAa) | Q))
= Eexp{idgpintEexp{idi& + -+ +id&a}-

Exercise 4.10. Fix tg < ---<t, € [s,T]. For any Aq,...,\, € R, we have

E(exp{id (Xy, — Xip) + -+ id( Xy, — Xi)} | Fo)

— E(E(exp{ir(Xy, — Xpo) 4+ -+ id (X, — Xoo )} | Fuh) | Fo)

= Eexp{id,(Xy, — Xy, _, ) JE(exp{id (Xy, — X)) + -+ + id 1 (X, — Xiu )} | F)
= .. =Eexp{i\ (X}, — X))} .. . Eexp{ir, (X, — X4, )}

We now apply Exercise 4.9.

Exercise 4.11. The “if” part follows from Lemma 4.3. In order to prove the

“only if” part, suppose that v is not absolutely continuous with respect to v. Find
A € B(R) such that v(A) > 0, while v(A) = 0. Then P(3t < T : AX; € A) > 0,
while P(3t <T:AX, € A) =0.

Exercise 4.12. Combining (4.2) with the inequality

/ 7*v(dr) < oo,
{la]<1}

/{ PNCZORIZERES

we get

and hence,
/ 2(ple) — 1)l (dz) < oo,
{lz|<1}

which is the desired statement.

Exercise 4.13. (a) The proof of this statement follows the same arguments as the
proof of Theorem 4.6 in Case III.
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(b) This statement follows immediately from Propositions 4.4 and 4.5.

Exercise 4.14. (a) The process (Xy; t < T') is a compound Poisson process with
the Lévy measure arv. Now, the result follows immediately from Lemma 4.3.

(b) Let X have the characteristics (b, ¢, )y . Then (X4 );<r has the characteristics
(ab,ac,av)y. It follows from Proposition 4.5 that the measures Law(X;; ¢ < T) and
Law(Xy; t < T) are either equivalent or singular. Suppose that they are equivalent.
Then it follows from Proposition 4.4 that ¢ = 0 and v(R) < oo. Hence, X is a
compound Poisson process with a nonzero drift. The proof is now easily completed.

Exercise 4.15. Let (b,c,v)g and (b,¢,v)y denote the characteristics of X
and X, respectively. Let Z be the coordinate process on D([0,7]).  Set
Q = Law(X;; t < T), Q = Law(X;; ¢t < T). By the Lévy-Ité decomposition, with
Q-probability one there exists a limit

1. 1; _
Z} = 1;$<ZAZSI(|AZS| > ) t/

<t {la|>e}

H(x)u(dx)), t<T,

and the convergence is uniform in ¢. With Q—probability one there exists a limit

7l .1 _
7= 1;$<ZAZSI(|AZS| > ) t/

<t {le|><}

H(m)ﬁ(dx)), t<T,
and the convergence is uniform in ¢.

If the limit
i ( /{ L HEw) - /{ - H(z)ﬁ(dm)) (8.2)

does not exist, then, obviously, QL Q. _

Suppose that limit (S.2) exists and equals . Then the process (Z});<r is well
defined Q-a.s. and equals (Z} — 7t)i<r. Set 72 =7 — 7' Then Z2 is a Q-Lévy
process with the characteristics (b +v,¢,0)g. Let (S,) be a sequence of partitions of
[0, T] with d(S,) — 0. We can extract a subsequence (S!,) such that

9 9 2 Q-a.s.
(22 -7 ) 5T
s.esl n—r00

On the other hand, 7% is a Q—Lévy process with the characteristics (E, ¢,0)y . Hence,
we can extract a subsequence (SI) from (S!,) such that

~2 ~2 2 a—a.s.
> ,:,(Zsi ~Z: ) T
SiESn

Consequently, QL Q.

Exercise 4.16. Let a and a denote the indices of stability of X and )Z, respec-
tively.

If o = a =2, then the statement is proved by considering the quadratic variation
of X and X (compare with the solution of Exercise 4.15).

If « =2 and a < 2, then the paths of X are continuous, while the paths of X are
not continuous.
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Now, suppose that a,a € (0,2). In this case the Lévy measures of X and X have
the form

v(de)  myl(x <0) mol(z>0)

de— af e
v(dx) _ myI(z < 0) N mol(z > 0)
dx || e

respectively. If m; > 0 and m; = 0, then X a.s. has infinitely many positive jumps,
while X has no positive jumps. In a similar way, we consider the cases m; = 0, m; > 0;
mo > 0, fﬁg =0; my =0, fﬁg > 0.

The remaining case is ¥ ~ v. By Proposition 4.5, in this case the measures
Law(Xy; ¢ < T) and Law(X,; ¢t < T) are either equivalent or singular. Suppose that
they are equivalent. Taking into account condition (iii) of Proposition 4.4, we conclude
that v = v. Hence, X and X differ by a drift. We now apply Exercise 4.13.

Exercise 4.17. Since the processes X and X have different distributions, the
random variables X; and X; have different distributions. Find A € B(R) such that
p # p, where p:=P(X; € A), p:=P(X; € A). Then

N

1 a.s.
while
AR

Exercise 4.18. It is sufficient to consider two compound Poisson processes with
the Lévy measures v and v, respectively, such that neither of the following conditions
is satisfied:

r<y, v<r, v.luw

Exercise 4.19. For ¢ > 0, we set

Ve =) AXJI(JAX,| >¢€) - t/ h(z)v(dz), t>0

< {la|>e}

and Z° = X — Y*. It follows from Lemma 4.2 that, for any s < ¢ and any ¢ > 0, the
random variable (Y — Y, Z; — Z2) is independent of F;. In order to complete the
proof, note that
S G S S e
el0 el0
Exercise 4.20. (a) Let Z' and Z? denote the processes given by the Lévy-Ito
decomposition of X, i.e.

1._ 15 _
Z} = 151%1<ZAX31(|AX3| > ¢) t/

<t {la]>e}

Ha<z>u<dx)), £>0
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and Z2 = X — Z'. Since Z? is continuous, we have

X! =) AZII(AZ}|>a), t>0.

s<t

It follows from Proposition A.7 (a) that X' is a compound Poisson process with the
Lévy measure v|fjz/>q)- Furthermore, for any € > 0, the process X! is independent of
the process

ve = STAZU( < |AZY < a) - t/ H, (2)v(dz)

< {la|>e}

— ZAXSI(|AXS| > ) — t/ H,(z)v(dz) — X}, t>0.

< {la]>e)

Consequently, X! is also independent of Y := Z! — X!'. As X! and Y are functionals
of Z' and since Z' is independent of Z?, we conclude that X', Y, and Z? are
independent.

It follows from Proposition A.7 (a) that, for each ¢ > 0, Y*® is a Lévy process.
Hence, Y = lim.|Y* is a Lévy process. Consequently, Y + Z? is a Lévy process.
Obviously, Y + Z? = X2. We already know that X! and X? are independent and X'
has the characteristics (0,0, 1/|{|x|>a})0. It has the same characteristics with respect
to H, since f{|m|>a} H,(z)v(dz) = 0. Now, we conclude that X? has the characteristics

(s ¢ Vlal<ay) 5. -
(b) This is a consequence of Lemma 4.2.

Exercise 4.21. The proof is similar to the proof of Theorem 4.6. The only differ-
ence is that Proposition A.4 should be used instead of Proposition A.5.

Exercise 4.22. (a) Suppose that X is an (F;)-o-martingale. Let (b, ¢, )y be the
characteristics of X . Then its semimartingale characteristics (B, C, /)y are given by
B, =bt, Cy = ct, V(dt,dx) = dtv(dz). It follows from Proposition A.11 that

/ |z|v(dz) < o0
{lz|>1}

b +/ zv(dz) = 0.
{lz|>1}

By Proposition A.4, for any ¢ > 0, we have E|X;| < oo and EX; = 0. Now, the proof
is easily completed.

and

(b) Suppose that X is an (F;)-semimartingale. Let (b, c,v)y be the character-
istics of X. Then the third characteristic I/ of the semimartingale e is given by
V(w,dt,dx) = dtK (w,t,dx), where K(w,t,-) is the image of v under the map

Rz eXt-@ee? —1) e R

Using Proposition A.11, we deduce that

/ le® — 1|v(dz) < oc.
{lz|>1}
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It follows from Proposition A.5 that Ee*t = e* with some a € R.
The process My = eXt~°" is an (F;)-martingale. By Itd’s formula,

t t
Xt =M, =1 +/ ae® My_ds +/ edM,, t<T.
0 0

Since the integrand e*® is bounded, the process fo e**dM, is a local martingale. By
Proposition A.10, e* is a local martingale. Therefore, fo ae®* M, ds is a local mar-
tingale. But this is an increasing process. As a result, & = 0. This completes the
proof.

Exercise 4.23. The proof is similar to the proof of Theorem 4.7.

Exercise 4.24. This is an immediate consequence of Exercise 4.23 and the Second
Fundamental Theorem of Asset Pricing.

Exercise 4.25. Let B, W be two independent Brownian motions. Consider F; =
FPW. Then B is an (F;)-Brownian motion and W is an (F;)-martingale. Suppose
that W can be represented as fo H,dB,. Then we would have

: ¢
(W)t:<W,/ Hsst> :/ Hod(W, B), =0, > 0.
0 t 0

Exercise 4.26. Let W be a Brownian motion. Consider B = fo sgn W,dW, and
F, = FV. Then FP is strictly smaller that F, (see [21; Ch. VI, Corollary 2.2]). On
the other hand, any (F;)-local martingale M started at zero can be represented as

t t
M, = / H,dW, = / H;sgnWidBs, t>0.
0 0

Section 5

Exercise 5.6. Using Fubini’s theorem (compare with the proof of Lemma 5.2), for
any 0 <ty <---<t, and Aj,..., \, € R, we get

Eexp{i\i(Xo7)y, — (XoT)y)+ -+ id((XoT)y, — (Xo7),_,)}

= EeXp{(Ttl - Tto)q)()‘l) e (Ttn - Ttnfl)é()\n)}7
where @ is the characteristic exponent of X . The last quantity does not change under
the shifts of the collection (to,...,t,).

Exercise 5.7. Obviously, for any ¢ > 0 and any n € N, we have EX?, = nEX?.
Hence, for any ¢t € Q;, EX? = tEX?. Using the monotonicity of the function
¢(t) = EX?, we complete the proof.

Exercise 5.8. We can assume that (2, F,P) = (Qy, F1,Py) x (Qy, F5, P2) and
X = X(w1), 7 =7(wz). Then, for any ¢t > 0, we have

E(X 07)2 = / / X2 ) (w01) Py (deoy )Py (o) = / kri(ws) = KEm, < oo,
QQ Q1 QZ

where k is given by Exercise 5.7. The other statements are proved similarly.
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Exercise 5.9. For any k,t > 0, we have

X, 2 Xy, EROPX,

Tkt

Exercise 5.10. This is an immediate consequence of Example 3.14, Corollary 3.20,
and Exercise 3.38.

Exercise 5.11. The proof is similar to the proof of Theorem 5.4.
Exercise 5.12. The proof is similar to the proof of Theorem 5.5.

Exercise 5.13. Without the loss of generality, we may assume that 7, = I(U,, <

p), where (Up,)s_, are independent uniformly distributed on [0,1] random variables
that are also independent of k. Set

X, =Y IUn<t), t<1

m=1

and let (N;);<1 be a Poisson process with the intensity A. Then X; aw Ny, and, for
any 0 =ty <---<t,=1, k € N, we have

LaW(th — Xto: e ,th — th—l | Xl = l{))
= LaW(Ntl — Ntm ey Ntn — Ntnfl | N1 = k)

(see [22; Proposition 3.3]). Consequently, Law(X;; ¢ < 1) = Law(Vy; ¢t < 1). Now,
note that § = X, v N,.

Exercise 5.14. (a) Suppose first that 7, is a degenerate random variable. Then
it follows from Proposition A.7 (a) that kq,ks,... are independent Poisson random
variables with the parameters 7,v(A;), 7,v(As),.... By Exercise 5.13, &,&,... are
independent Poisson random variables Wlth the parameter Tr. The result follows from
the strong law of large numbers.

Now, let 7, be arbitrary. We can assume that (Q,F,P) = (Q,F,Py) X
(Qa, Fo, Pa) x (23, F3,P3) and X = X(wi), 7= 7(wa), 1y, = 7y, (w3). Then

>y 3 Z5n =)
N kn(wi,w2,w3)
:/ / I( lim —Z Z e (ws) = TT(w2)> P1 x P3(dw, dws)Py(dws),
5 J Q1 xQ3 Nﬁoo

and the result follows from the above argument for a degenerate 7.
(b) We have
[XJi=ct+ > AXZ, t>0
s<t
(see [14; Ch. I, Theorem 4.52]). Using [14; Ch. I, Theorem 4.47] and keeping in mind
that 7 is continuous, we deduce that [X o 7|r = ([X] o 7)r. Hence,

(X oT|p =crp + Z AX? =1y +ZA(XOT)§.

SSTT SST

(c) This statement is obvious.
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Exercise 5.15. For a random process Y and times s < ¢, we set }"[Zt] =
oY, =Y relst]). Fix 0=ty <---<t,=T. Forany \y,..., A\, € R, we have

E(exp{i)\l(nl — Tto) + -+ i)\n(Ttn — Ttn—l)} | f,l)foT)
= E[E(exp{idi(m, — 7p) + -+ ida(T0, — 7o)} | Fogh V Fiuoiy ¥ Flom) | F2°7)

= E[exp{i)\z(ﬁ2 — 1)+ o+, — T, )}
E(exp{iM (1, — 745)} | .7:%(‘;17 V .7'“?10} V *7:[;1,T}) | FeT]

= E[exp{i)\Q(Tt2 — 7))+ A (T, — Ttn_l)}E(exp{i)\l(n1 Tis) } | }“ff:f) | .7:X°T]
E(exp{i)\l(n1 — Ty } | .7-":,)5°T) E(exp{i)\z(Tt2 — 1)+ id (T, — T, )} .7-":,)5°T)
=...= E(exp{i)\l(n1 — Ty) } | .7:%(07) ...E(exp{i)\n(nn — Ty )} | .7:%(07).

In the third equality we have used the following fact: if ¢ is an integrable ran-
dom variable and A, B are o-fields such that o(§) V A is independent of B, then
E(€[AVEB)=E(¢|A).



