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Abstract. This paper deals with the following problem. Suppose that (P:):>¢ is a
family of consistent probability measures defined on a filtration (F;):>0. Does there exist
a measure P on the o-field \/,.,F; such that P|F; = P;? The answer is positive for

the spaces C(R; ,R%) and D(R;,R?) endowed with the natural filtration. We prove this
statement using a simple method based on the Prokhorov criterion of weak compactness.
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1 Introduction

Let (Q, (.’Ft)tzg) be a filtered space. Suppose that, for every ¢ > 0, P; is a probability
measure on F; and these measures are consistent, i.e. Py Fy = Py for s <t (P¢|Fs denotes
the restriction of P; to Fy). The question arises whether there exists a measure P on \/,5, F;
such that P|F; = P, for each t > 0. a

In the general case the answer to this question is negative (see Section 4).

However, in many natural cases the answer is positive. The following statement is proved
in [3, Ch. V, §4].

Proposition 1. Let (Q, (}"n)zo:l) be a filtered space. Suppose that

i) for each n, there exists a Polish space X, such that F, is isomorphic to the Borel
o-field B(Xy);

ii) for any sequence (A,)5, such that A, is an atom of F,, (n € N), one has: (), An #
.

Then any sequence (Py)S%, of consistent probability measures on (Fy) can be extended
to a measure on \/,, F, .

The problem under consideration usually arises for the path spaces C(R,,R%) and
D(R,,R?%) rather than for the abstract measurable spaces. The following statement can
easily be derived from Proposition 1.

Theorem 1. Let C(R,,R%) (respectively, D(R,,R%)) be the space of continuous
(respectively, cadlag) functions Ry — RY. Let (X¢)i>0 be the coordinate process and
Fi = o(Xs; s < t) be the natural filtration. Suppose that (Py) is a family of consistent
probability measures on (Fy). Then there exists a unique measure P on F = o(Xs; s > 0)
such that P|F, = P, for any t > 0.



The proof of this statement for the space C(R,R?) can also be found in [5, (1.3.5)].

The proofs in [3] and [5] are based on rather complicated arguments from the measure
theory. In this paper (Section 2), we give a simple proof of Theorem 1 based on the Prokhorov
criterion of weak compactness. In Section 3, we present the application of the obtained
results. Section 4 contains an example which shows that, for an abstract probability space
endowed with a filtration (F;), a family of consistent probability measures on (F;) may not
be extended to a measure on \/,5, F;.

2 The Proof of Theorem 1

Proof. We will prove the statement for the space D(R,,R?). For each n € N, the map
F,: DR, ,RY) > X — Y € D(R;,R?)

defined as Y; = Xyn,, is F,|F-measurable. Set Q, = P, o F;! (i.e. Q, is a measure on F).
Note that F coincides with the Borel o-field B(D(R, ,R%)).

We will prove that the sequence (Qy)22, is tight. The necessary and sufficient condition
of tightness is as follows (see [2, Ch. VI, §3b]): for any N € N, € > 0 and n > 0, there exist
ng €N, K >0 and 0 > 0 such that

n>ng — Qn(sup|Xt|<K)>1—5, (1)
t<N

n=ng = Qn(wg\f(Xae)<n)>1_6a (2)
where Wiy (X, 0) is the following modulus of “continuity”:
Wiy (X,0) = inf{max sup |X, — X,|:
1<m ti—1<s<r<t;
0=ty <...<tm=DN, inf(t;—t;_1)>06}.
<<m

Let us fix N € N, ¢ >0 and n > 0. The one-point set {Quy} is tight. Hence, there exist
K >0 and 8 > 0 such that

QN(sup|Xt|<K)>1—6, (3)
<N
Qn (Wy(X.0) <n) >1—e. (4)

It follows from the condition P,|Fy = Py (n > N) that Q,|Fnx = Qn|Fn (n > N).
Therefore, (3), (4) yield (1), (2) with ng = N.

Thus, the sequence (Q,)22, is tight. The Prokhorov criterion implies that there exist a
sequence ny — oo and a measure P on F such that Q,, converges weakly to P as k — oo.
We state that P|F, = Py for all ¢ > 0. In order to prove this assertion, let us fix M € N and
consider the map

G:D(R;,RY) 5 X — Y € D([0, M],R?)

defined as Y; = X; (t < M). Let k denote the minimal k satisfying the inequality njy > M.
Set N
R=PoG !, Re=Q, oG ' (k>k).

Obviously, Rx = R for k > k. The map G is continuous when D(R,,R%) and D([0, M],R%)
are endowed with the Skorokhod topology. Therefore, Ry converges weakly to R as k — oo.
Since R = R% for k£ > k, we conclude that R = RE' Hence, the measures P and Qn% coincide

on the o-field G—Y(B(D([0, M],R%))) = Fus. Due to the inequality ny > M, we have

PlFy = Qu | Fum = Qul|Fum = P
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As M is arbitrary, we deduce that P|F, = P, for each ¢ > 0.

The uniqueness of P follows from the equality F = \/,~, F;.

The proof of the theorem for the space C(R,,R?) is the same except that in formulas
(1)—(4) one should replace w'y(X,0) by the following modulus of continuity:

wy(X,0) =sup{| X, — X5|: 0<s<r <N, |r—s| <6}

Remark. Theorem 1 remains valid if the filtration (F;) is replaced by its right modification
g = ﬂ8>0 Fite. In order to prove this statement, we set P, = P;|F;, use Theorem 1 to
construct a measure P on \/,5,F; such that P|F, = P; (¢ > 0) and then apply the obvious
equalities: - N
P|G: = (P|Fi41)|Gt = Pt411Gt = (Pey1|Fiv1)[Gt = Piy1[Gr = P

3 The Application of the Obtained Results

In this section, we will consider the following problem.
Let (By; t > 0) be a Brownian motion on a filtered probability space (Q, F.(F), P) and T
be a (F;)-stopping time. We will present a necessary and sufficient condition for the process

1
M, :exp{Bt/\T 3 t/\T}, t>0

to be a uniformly integrable martingale.
Obviously, M is uniformly integrable if and only if

1
Ep exp{BT — 57} —1, (5)

where 1
exp{BT - ET} =0 (6)
on the set {7 = oco}. Let us consider the two-dimensional process (X;; ¢ > 0) of the form:

X! =B, X=(@t-1".

Then (5) is equivalent to:

Eq eXp{X% - %T} ~1, (7)

where Q is the distribution of the process X (Q is a measure on C(R; ,R?)) and T = inf{t >
0: X2 > 0}.

In order to investigate (7), we set G; = (),500(Xs; s <t +¢), Q = Q|G; and consider
the measures (CNQt)tzo defined by

Z—Sz = exp{th - %t}

Obviously, ((NQt)tzo is a consistent family of probability measures. By the Remark following
the proof of Theorem 1, there exists a measure Q on F = 0(Xs; s > 0) such that Q|G; =
Q; (t > 0) Now, set Qr = Q|QT, Qr = Q|QT By [2, Ch. 111, §3a],

dQr|{T < oo}

m = exp{X% - 1T}
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Therefore,

~ 1 1

Q{T < x} =Eq [I(T < 00) eXp{X% - §TH = Eq eXp{X% — §T}
Here, we use the fact that exp{X] — %T} = 0 on the set {T' = oo} (see (6)). Thus, (7) is
equivalent to the following condition:

Q{T < oo} = 1. (8)

It is usually hard to verify condition (8), except for some special cases. For example,
suppose that 7 = inf{¢t > 0 : B; > ¢(t)}, where ¢ € C(R}), ©(0) > 0. In that case
the distribution of the process (X}; ¢ > 0) under Q coincides with the distribution of the
Brownian motion with the unit drift. Therefore, Q{T < oo} =1 if and only if the function
p(t) —t is a lower function of Brownian motion.

4 An Example

Theorem 1 may not be valid if (F;) is replaced by another filtration. The following example
is taken from [1].

Example 1. Let (Gt)icpo,1] be the filtration on C([0,1]) defined as G; = o(Xs; s <
t) V o(X1), where X = (Xy);c[0,1) is the coordinate process. Let P be the Wiener measure

on G = Gy. It is well known that under P, the coordinate process admits the representation
t t
X, —X
Xt: #dS‘i‘Bt:/Oést‘i‘Bt,
o 1-s 0

where B is (G;)-Brownian motion. Let us consider the family (Qt);c[,1) defined as

d—Pt—exp{—/U ozsts+§/() ozsds},

where P; = P[G;. Then (Qt);c[o,1) is a family of consistent probability measures on (Gy)efo,1) -
Suppose that there exists a measure Q on G such that Q|G = Q; for all ¢t € [0,1). By
Girsanov’s theorem,

Law(Xs; s < t|Q;) = Law(Bs; s < t) = Law(Xs; s < t|Py)

for each t < 1. Hence,

Law(Xs; s < 1|Q) = Law(Xs; s < 1|P).
Therefore,

Qlo(Xs; s < 1) =Plo(Xy; s < 1).
As 0(X5; s <1) =G, we conclude that Q = P. This leads to a contradiction since
Q|G = Qi # Py = P|G:.

Thus, the family (Qt)te[O,l) can not be extended to the o-field G.

Remark. The book [4, Ch. II, §3] contains a different example. It shows that, for a
general filtered space, the family of consistent probability measures cannot be extended to
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